Abstract-The interplay between integer sequences and partitions has led to numerous interesting results, with implications in generating functions, integral formulae, or combinatorics. An illustrative example is the number of solutions at level n to the signum equation. Denoted by S(n), this represents the number of ways of choosing + and − such that ±1 ± 2 ± 3 ± · · · ± n = 0 (see A063865 in OEIS). The Andrica-Tomescu conjecture regarding the asymptotic behaviour of S(n) was solved affirmatively in 2013, and new conjectures were formulated since then. In this paper we present recurrence formulae, generating functions and integral formulae for the number of ordered 2-partitions of the multiset M having equal sums. Certain related integer sequences not currently indexed in the OEIS are then presented. Finally, we formulate conjectures regarding the unimodality, distribution and asymptotic behaviour of these sequences.
I. INTRODUCTION
The signum equation is an old combinatorial problem considered by S.Finch [7] . For a given positive integer n, the level n solution of this equation represents the number of ways of choosing + and − such that ±1 ± 2 ± 3 ± · · · ± n = 0. Denoted by S(n), this also represents the number of partitions of {1, 2, . . . , n} in two sets with equal sums. Sequence {S(n)} n≥0 is indexed as A063865 in the Online Encyclopedia of Integer Sequences (OEIS) [9] , and its first few terms are 
S(n)
2 n n √ n = 6 π .
Referred to as the Andrica-Tomescu conjecture, a possible analytical proof was suggested in [8] . A complete proof was for the first time obtained in 2013 by Sullivan [11] , who used powerful analytic methods. Details of the proof and some comments on possible extensions using a strong version of the Central Limit Theorem can be found in [2] .
Starting from an interesting analysis problem [1] , Andrica established a generating function which allowed novel approaches in the study of 2-partitions with equal sums for multisets. For more information regarding the general theory of multisets one can consult the article of Stanley [10] . The connection with unimodal polynomials is presented in [4] and with some aspects in special representations of integers, known as Erdös-Suranyi representations are given in [5] , [6] and [7] .
The paper is structured as follows. In Section II we introduce S(m 1 , ..., m k ; α 1 , ..., α k ), the number of ordered 2-partitions of the multiset M having equal sums and present the generating function and a useful integral formula. The multisets with equal multiplicities and the connection with the Laurent ring Z[X, X −1 ] are studied in Section III where some recurrence formulae are also given. New integer sequences are derived in Section IV, for small values of the multiplicities. Section V presents some conjectures concerning the asymptotic behaviour, unimodality and statistical distribution.
II. 2-PARTITIONS OF MULTISETS
Let α 1 , ..., α k be real numbers, let m 1 , ..., m k be positive integers, and let M be the multiset
We call m 1 , ..., m k the multiplicities of the elements in the multiset M . Denote by S(m 1 , ..., m k ; α 1 , ..., α k ) the number of ordered 2-partitions of M having equal sums, i.e., the number of pairs (C 1 , C 2 ) of subsets of M such that
If we assume that M is a multiset of positive integers, then S(m 1 , ..., m k ; α 1 , ..., α k ) is the constant term in the expansion
(1)
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where, for the unity of notation, we
If we set z = cos t + i sin t, in (1) and (2), we get the equivalent form
Integrating this last identity over the interval [0, 2π], we obtain the following integral formula for the number c 0 (m 1 , ..., m k ; α 1 , ..., α k ) :
From formulae (1) and (2) it is clear that the coefficient c j (m 1 , ..., m k ; α 1 , ..., α k ) has a combinatorial interpretation: it is the number of representations of integer j as
for all possible 2 m1+···+m k choices of signs + and −. If we multiply the relation (2) by z −j we get
Considering z = cos t + i sin t in (4), and integrating over the interval [0, 2π], we obtain the following integral formula for the number c j (m 1 , ..., m k ; α 1 , ..., α k ) :
III. MULTISETS WITH THE SAME MULTIPLICITIES AND THE LAURENT RING Z[X,
Recall that a Laurent polynomial with integer coefficients is an expression of the form
where X is a formal variable, and only finitely many coefficients a k are non-zero. Two Laurent polynomials are equal if their coefficients are equal. Such expressions can be added, multiplied, and brought back to the same form by reducing the corresponding similar terms.
Formulae for addition and multiplication are the same as for the ordinary polynomials, with the only difference being that both positive and negative powers of X can be present. The set of Laurent polynomials Z[X, X −1 ] is a ring with respect to the addition and multiplication.
A Laurent polynomial p ∈ Z[X, X −1 ] is symmetric if it satisfies the relation p(X) = p(X −1 ). This property is equivalent to a −k = a k , for all k ∈ Z. The maximal positive integer s with a s = 0 defines the degree of p. The set of all symmetric Laurent polynomials Z symm [X,
. Clearly, from the relation F (z) = F (1/z) it follows that the expression of F (z) in (1), after we expand, is a symmetric Laurent polynomial of variable z and degree
we say that the elements of the multiset M are of the multiplicity m.
In this paper we are interested in the symmetric Laurent polynomials generated by the expansion
that is the situation k = n and α 1 = 1, . . . , α n = n. In this case the Laurent polynomial F n,m (z) has the degree
and it is of the form
A. Recurrence formulae
If we multiply the polynomials F n,k (z) and F n,l (z), we have the following formula for the coefficients of F n,k+l (z)
Recurrent formulae for c 
Similarly, c
j (n) can also be obtained recurrently by
Hence, for j ∈ Z one obtains
The following recurrences are valid for j ∈ Z and n ≥ 1.
In general, for m even one obtains the formula
when m is even or odd, respectively.
IV. ASSOCIATED INTEGER SEQUENCES
Various integer sequences can be recovered from the coefficients of F n,m (z). Of particular interest are the sequences c 0 (n) represents also the number of solutions at level n to the signum equation, which is A063865 in OEIS. More precisely, c (1) 0 (n) is the number of ways of choosing + and − such that ±1 ± 2 ± 3 ± · · · ± n = 0, sometimes denoted by S(n) = c (1) 0 (n). This is in fact an old combinatorial problem also considered by S.Finch [7] . As an example, we have c Concerning its asymptotic behaviour, Andrica and Tomescu [3] conjectured the following asymptotic formula in 2002:
This was proved analytically in 2013 by B.D. Sullivan [11] . For m = 1 and fixed values of n, the coefficients {c 
One can notice that {c
(1) j (n)} j≥0 has n(n + 1)/2 + 1 relevant terms, i.e., c 
Concerning its asymptotic equivalent, the following formula was conjectured by Kotesovec in 2014 (see A047653 in [9] )
For m = 2 and fixed values of n, the coefficients {c Notice that {c (2) j (n)} j≥0 has n(n + 1) + 1 relevant terms, i.e., c One can notice that {c (3) j (n)} j≥0 has 3n(n+1)/2+1 relevant terms, i.e., c One can notice that {c (4) j (n)} j≥0 has 2n(n + 1) + 1 relevant terms, i.e., c 
V. FUTURE WORK AND CONJECTURES
Numerical evidence suggests a number of conjectures.
A. Asymptotic behaviour of sequences {c 
Called the Andrica-Tomescu conjecture, this was proved in 2013 by using analytic methods by B.D. Sullivan [11] .
The following asymptotic formula for c (2) 0 (n) was then conjectured by Kotesovec in 2014 (see A047653 in [9] ):
We aim to establish a more general result for c −j (n) and every second term is zero, it is sufficient to prove that the subsequences {c 
